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Abstract 

We consider an infinite extension K oi a local field of zero characteristic which is a 
union of an increasing sequence of finite extensions. K is equipped with an inductive 
limit topology; its conjugate X is a completion of K with respect to a topology given 
by certain explicitly written seminorms. The semigroup of measures, which defines a 
stable-like process X{t) on K, is concentrated on a compact subgroup S C K. We study 
properties of the process Xs{t), a part of X{t) in S. It is shown that the Hausdorff and 
packing dimensions of the image of an interval equal almost surely. In the case of tamely 
ramified extensions a correct Hausdorff measure for this set is found. 
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1 INTRODUCTION 

Let A; be a non-Archimedean local field (= non-discrete totally disconnected locally compact 
topological field) with characteristic zero. Consider a strictly increasing sequence of its finite 
algebraic extensions 



k = K^GK2C...(ZKr.C... . ill] 



The infinite extension 



n=l 

may be considered as a topological vector space over k with the inductive limit topology. Let 
K be its strong dual. Evidently, K is not locally compact. 

Within the non-Archimedean version of infinite-dimensional analysis developed by the 
author*^^~^°\ an analog of the symmetric a-stable process was constructed on K. Just as 
for stable processes on local fields (see e.g. Refs. 1, 5, 7, 10, 14, 17), this process X{t) is 
defined for any a > 0. Some of its properties are similar to those of the classical stable pro- 
cesses or processes on local fields while others are different. In particular, X{t) has an invariant 
measure /i which is Gaussian in the sense of Evans*-^-*; the transition probabilities of X{t) are 
not absolutely continuous with respect to /i. 

Note that both /i and the convolution semigroup of measures TT{t,dx), which defines X{t), 
are concentrated on a compact subgroup S G K, and /i coincides with the normalized Haar 
measure on S (for the details see Section 2 below). Thus an essential information on the process 
X{t) is contained in the properties of its part Xs{t) in S. 

In order to study sample path properties of Xs{t), we can use the results by Evans*^^-* who 
investigated Levy processes on a general Vilenkin group (a non-discrete locally compact totally 
disconnected Abelian topological group). The topology in a Vilenkin group is determined by 
a descending chain of compact open subgroups. This chain is not unique, and as soon as 
we manage to write such a chain {Sn} explicitly for our case (Section 3) and compute the 
Levy measure oi S \ Sn (Section 4), the general theorems by Evans*^^^ yield immediately the 
asymptotics of the first exit time 7r(n) of Xs{t) out of the subgroup Sn, and an information 
on the local behavior of sample paths. We also prove that both the Hausdorff and packing 
dimensions of a sample path of Xs{t) equal almost surely, which is quite different both from 
the classical case and the case of a local field considered recently by Albeverio and Zhao*^^-* . 

The last result shows the importance of finding, for our situation, a correct Hausdorff 
measure. However this problem is more complicated. In order to use the appropriate theorem 
by Evans*-^-* , we have to know that 

liminfQ(n,A^) > (1.2) 

n— >oo 

where 

Q{n, N)=P {Xsit) iSn^te [7r(n), 7r(iV))} , n> N. 

Evans proved (1.2) for processes with locally spherically symmetric Levy measures. This con- 
dition is not fulfilled in our case, and we give (Section 5) a direct proof of (1.2) under the 
assumption that all the extensions in (1.1) are tamely ramified. Such an assumption is often 



made in algebraic number theory because the algebraic structure of tamely ramified extensions 
is more or less transparent while general extensions may behave quite wildly. 

The author is grateful to the referee for very helpful comments and suggestions. 

2 PRELIMINARIES 

2.1. Let us recall some of the main constructions and results from Refs. 8, 9. For the basics 
on local fields see Refs. 4, 12, 13, 16. We also use some standard material regarding field 
extensions which can be found in algebra textbooks (Refs. 11, 15). 

Consider the sequence of extensions (1.1). For each n = 1,2,..., we define a mapping 
Tn '■ K ^ Kn as follows. \i X E K^^ u > n, put 



Tn{x) = -^Tr K^/K„{x) 



where m„ is the degree of the extension Kn/k, Trx^/Kn '■ ^^ — ^ Kn is the trace mapping. If 
X G Kn, then, by definition, Tn{x) = x. The mapping T„ is well-defined, and T„ o T^ = T„ for 
V > n. We shall write T instead of Ti. 

The strong dual space K can be identified with the projective limit of the sequence {Kn\ 

oo 

with respect to the mappings {T„}, that is with the subset of the direct product Y\ Kn con- 

n=l 

sisting of those x = (xi, . . . , a:„, . . . ), x„ G Kn, for which Xn = Tn{xy) ii u > n. The topology 
in K is defined by seminorms 

rr ^ W^ 11 — 1 ^ 

ll''^ ||n ll-'^nll ) "■ ^1 ^1 ■ ■ ■ 1 

where || ■ || is the extension onto K of the normalized absolute value | ■ |i defined on k. If a; G Kn 
then 1 1 a; 1 1 = |a;|„ " where \x\n is the normalized absolute value on Kn- 
The pairing between K and K is defined as 

{x,y) =T{xyn) 

where x G Kn C K, y = {yi, . . . ,yn, ■ ■ ■) E K, yn E Kn- Identifying an element x E K with 
(xi, . . . , Xn, ■ ■ ■) E K where x„ = T„(x), we can view K as a dense subset of K. The mappings 
Tn can be extended to linear continuous mappings from K to Kn, by setting T„(x) = Xn for 
any x = {xi, . . . , x„, . . .) E K. 

Consider a function on K of the form 

( 1 if 11x11 < 1 

"'^' = {0: ;[iNi;! 

Q is continuous and positive definite on K. That results in the existence of a probability 
measure /i on the Borel a-algebra B{K), such that 

fi(a) = xiio-ix)) fi{dx), a E K, 

K 



where x is a rank zero additive character on k. The measure /i is Gaussian in the sense of Ref. 
2. It is concentrated on the compact additive subgroup 

S={xeK: \\Tn{x)\\ <gy™"||m„||, n = l,2,...} 

where g„ is the residue field cardinahty for the field Kn, dn is the exponent of the different of 
the extension Kn/k. 

We shall call S the support subgroup of K. The restriction of /i to S* coincides with the 
normalized Haar measure on S. If / is a "cylindrical" function on K of the form f{x) = 
ip{Tn{x)), X E K, where 99 is a locally integrable complex-valued function on Kn, then 

f{x)^^{dx)=q-'-\\m4-'^- j ^{z) dz (2.1) 

(dz is the Haar measure on Kn normalized by the condition J dz = 1). 

2|n<l 

Denote 

f e^^^" if s > 1 

^"(^'') = | 1] ii's<l, 

where a > 0, t > 0. For each t > the function p^dl'^IM) is a continuous positive definite 
function on K, and there exists a family 7r(t, dx) of Radon probability measures on B{K) 
(concentrated on S) such that 

Pa{m\,t) = Jx{{^,x)Mt,dx), ieK. (2.2) 

1? 

This family is actually a semigroup of measures defining a Levy process X{t) on K. Its part in 
S will be denoted by Xs{t). We have an integral formula similar to (2.1): if f{x) = ip{Tn{x)) 
then 

f{x)7r{t,dx) = \\mj-"'- f T'^^\m-h,t)ip{z)dz (2.3) 

z£K„: \\z\\<q„ ' ||m„|| 



K 



where 

T^^\x,t) = q~'- jix o TTK„/k){-xOPa{m,t) dt 

K„ 

The generator of the process X{t) is a hyper-singular integral operator which resembles the 
fractional differentiation operator D" generating the symmetric stable process on a local field. 
The generator can be expressed in terms of the Levy measure Il{dx) on B{K \ {0}) which 
appears in the following formula of the Levy-Khinchin type: for any X E K, t > 



Ex((A,X(t))) = exp J t j[x{{\x)) - l\Il{dx) 



K 



We have the identity 



[x{{\,x))-l]U{dx) 



", if ||A|| > 1 
0, if IIAII < 1 



(2.4) 



K 



As it could be expected, the measure 11 is concentrated on S* \ {0}. Indeed, let 

Then (Ref. 8) S^"^ C 5^") for u > n, and S = 0^=1 S^''\ so that K\S = Ur=i (^ \ S^''^) ■ It 
was shown in Ref. 9 that for a function / as in (2.1) or (2.3) with ^ suppy? we have 



f{x)U{dx) = -q^r^a/m„_ 



1 a/m„ 

J- yn 



K 



1 - g, 



-l-a/rrin 



\X\ 



-l—a/m„ 



+ 



-'- In „_a!„(l+Q/m„) 



yn -L 



9n 



ipininx) dx. (2.5) 



It follows from (2.5) that Ti{K\ S^")) = whence Ii{K\S)=Q. 

We shall also use another analytic expression for the integral in the left-hand side of (2.5): 



f{x)Il{dx) 



\vTwn{r])d7] 



(2.6) 



K 



ri<^K„: \\il\\>l 



J Icy 

where w„ is the inverse Fourier transform of the function y y^ qn " ip^rriny), that is 

Wn(r/) = Qn'^" / X o Tr;^„/fe(-w)v^("^nl/) dy. 



K„ 



Indeed, after an obvious change of variables we can write the Fourier inversion as 

K„ 



Since by our assumption ip{0) = 0, we have 



Wn{r])dr] = 0, 



Kn 



so that for any x E K 



viTn{x))= [{xoT){r]Tr,{x))-l]wniv)dv= j[{x{{x,ri))-l]wn{ri)dr]. 

K„ K„ 



Integrating with respect to 11 and using (2.4) we come to (2.6). 



2.2. Here we collect, for a reader's convenience, some notions regarding ramification in 
extensions of local fields. 

Let i^ be a finite extension of a local field L (this is traditionally denoted K/ L)\ we consider 
only fields of zero characteristic. Denote by Ok-, Ol the corresponding rings of integers, and by 
Pki Pl the prime ideals. We have "Ttk/l '■ Ok -^ O^. Moreover, there exists such an integer 
d {the exponent of the different for the extension K/ L) that Tr^/i(a;) G Ol for \x\k < 5'^ but 
Tik/l{xo) ^ Ol for some Xq with \xq\k = q'k'^- Here we furnish with appropriate subscripts 
the objects related to K ot L (the normalized absolute values \ ■ \k, I ■ \l, the residue field 
cardinalities qx, Ql etc.). If ttx, t^l are the prime elements of K and L, we have 

kxlx = g^S kiU = gi\ |7rL|x = gx''' 

where e > 1 is the ramification index of the extension K/ L. 

It is known that rf > e — 1, and d = if and only if e = 1 (in this case the extension K/ L 
is called unramified) . The extension K/L is called tamely ramified if rf = e — 1. K/L is tamely 
ramified if and only if the characteristic of finite fields Ok/ Pr and Ol/ Pl does not divide e. 

Another important number attached to the extension K/L is its index of inertia / > 1 
defined by the relation qk = qi- The product ef coincides with the degree [K : L] of the 
extension. If / = 1, the extension is called totally ramified. 

As an example, consider the case where L is the field Qp of p-adic numbers, and i^ is a 
quadratic extension, that is an extension of the degree 2 obtained by adjoining an element ^/T, 
where r G Qp is not a square of an element of Qp, with natural algebraic operations and the 
normalized absolute value 



\xi + y/TX2\ = \xl - Txl\ , Xi, 0:2 G 



tp- 



If p 7^ 2, then there are 3 different extensions of the above form, in which |t|qp = 1 (the 
unramified extension), or r = p, or r = ep, \e\Q =1. The two latter extensions are totally 
and tamely ramified (e = 2 is prime to p). If p = 2, the situation is more complicated 
(see Proposition 5.12 in Ref. 12), there are 7 different quadratic extensions, one of which is 
unramified while others are totally but not tamely ramified. 

Let us return to the general situation. Let Ok C Ok be a complete system of representatives 
of residue classes from Ok/ Pr- Then any nonzero element x G -ft' is uniquely representable in 
the form of the convergent series 



X 



T^K"'iXo + Xi7CK+X27rl^^ ) (2.7) 



where n & Z, \x\k = Qk, Xj G Ok, Xq ^ Pk- If the extension K/L is unramified then any prime 
element of L is simultaneously a prime element of K, and in this case we may put ttl instead of 
ttk in (2.7). On the other hand, if K/L is totally ramified, then we may identify Ok/ Pr with 
Ol/ Pli and use in (2.7) elements Xj G Ol- Note also that the Galois group of an unramified 
extension is cyclic. Its generator is called the Frohenius automorphism of the extension K/L. 

If K/L is an arbitrary finite extension, there exists an intermediate extension L' lying 
between L and K, such that L' /L is unramified while K/L' is totally ramified. In this case the 
ramification index e of K/L equals the degree of K/ L' , the inertia index / of K/L coincides 
with the degree of L' / L. The field L' is called the inertia suhfield of K/L. If, in addition, K/L 

6 



is tamely ramified, then the prime elements ttk and ttl/ in K and L' can be chosen in such a 
way that tt^ = til'- 

Dealing with the extensions (1.1) we shall denote the ramification index, inertia index, and 
exponent of the different for the extension K^/Kn, u > n, hj e^n, fun, dun respectively. We 
shall write e^, /^, d^, instead of e^i, /j,i, d^i. We shall denote by 0„ and P„ respectively the 
ring of integers and the prime ideal of K^, On will denote a complete system of representatives 
of residue classes from On/Pn- Since A;, as any local field of zero characteristic, is a finite 
extension of the field Qp of p-adic numbers (here p is the characteristic of the residue field), we 
may assume without restricting generality that k = Qp. 

3 SUPPORT SUBGROUP AND ITS DUAL 

3.1. Our investigation of the group S will be based on the following auxiliary result. 
Denote 

^n,N = {yeKn: \\y\\ < g^/'"""^/^1|m„||} , n > l,iV > 0. 

Lemma 1. If v > n, then Tn maps Sj,^jv onto T,n,N- 
Proof. Let y G S,^ jv. Then 

\m^^y\u < g^"^'^ 

We have 

Tn{y) = ^^Trx,//^„(y) = m„Trx,/i^„(m;^t/). 

Well-known properties of traces in local field extensions (Ref. 16, Chapter 8, Proposition 4) 
imply the inequality 

\Tniy)\n < l^^nUgi 

where / G Z is determined from the inequality 

eun{l -I) <dy- Ncu - dyn < e„J. 
It is also known (Ref. 16, Chapter 8) that d^ = Gundn + dyn-, so that 

Cynil - 1) < eyndn " NCy < CyJ- (3.1) 

On the other hand (Ref. 4, Chapter II, (2.1)), Cy = Cm^n, and we see from (3.1) that 

/ - 1 < (i„ - Ncn < I, 

whence I = dn — Ncn- It means that Tn{y) G S^^^r as desired. 

Conversely, if 2; G S„,Ar, that is \m~^z\n < i?^""^^", it follows from the surjectivity property 
of the trace (Ref. 16, Chapter 8, Proposition 4) that there exists such an element y' G K^, that 

Setting y = m^y' we find that 

777 

z = ^TtkjkM = Tn{y), \y\u < \m,\uqt''-'''% 
rriy 



which completes the proof. ■ 

Let us consider the sequence of subgroups 

S = SoD S1DS2D ...D {0}, (3.2) 

Sn = {xeS: ||T„(x)||<g^/™"""/^"||m„||}, n>l. 
li X ^ Sn and j < n, then Tj{x) = Tj(Tn{x)), and by Lemma 1 

iiTi / \ II ^ d-j /m-j—n/ f-j II II , dj/mi — j / f-j II n 

\\Tj{x)\\ < Qj ^ WrrijW < Qj ^ '^WrrijW, 

so that X G Sj. We have shown that the subgroups Sn indeed form a descending chain. The 

00 

same argument shows also that f] Sn = {0}. The subgroups Sn are open and closed. It follows 

n=0 

from Lemma 1 that the system of subgroups {Sn} forms a base of neighbourhoods of the origin 
in S. 

The quotient group S/Sn is finite. Denote M{n) = ord S/Sn- It follows from the invariance 
of the measure fi that /i(5'„) = [M{n)]~^. On the other hand, it follows from (2.1) that 

KSn) = gr"™". Thus 

M{n) = gr"- (3.3) 

If we define |a;| for a; G S* by setting 



\x\ 



1, if X ^ ^i, 

[M{n)]-\ iixeSn\Sn+i,n = l,2,..., 



and |0| = 0, then A{x,y) = \x — y\ is an ultrametric on S. 

The descending chain (3.2) can be "lengthened" by including intermediate subgroups so 
that the resulting chain would be such that the quotient group of two consequtive subgroups 
is of a prime order. This property was assumed in Ref. 3. However it will be more convenient 
for us to use the chain (3.2). All the results of Ref. 3 remain valid here. 

3.2. Let S* be the dual group of S. It was shown in Ref. 9 that S* is isomorphic to K/0 

00 

where O = {^ E K : \\^\\ < 1} = IJ 0„. Let S„ C S* be the annihilator of the subgroup Sn, 

n=\ 

that is 

S„ = {e + 0: eeir,x((e,a:)) = lVxG5„}. 

Proposition 1. Ij the extensions (1.1) are tamely ramified, then 

S„ = {e + 0: ieKn, \i\n<qT}- 
Proof. Assume that k = Qp. If ^ E Kn, |C|„ < g^"^", then for any x E Sn 

\m;^'^Tnix)\ = \^\n\\m-'Tnix)r- < C" ■ g'"-""^" = qn": 



so that 

|T(eT„(x))|i<l forallxG5„, (3.4) 

whence ^ + O E 'E.n- 

Conversely, let .^ + G S„. Suppose first that ^ G Kn- Then (3.4) holds. Any element Zn G 
Kn with ||2;„|| < g?i" "~ ||m„|| can be "lifted" to an element x G S'„ such that T„(x) = z„. 
Indeed by Lemma 1 there exists Zn+i G Sn+i,n C Sn+i,o such that T„(2;„+i) = z„. Then we find 
z„+2 G S„+2,o, 7'„+i(z„+2) = -2n+i- Repeating this and setting Zj = Tj{zn) for j < n we obtain 
X = {zi, . . . ,Zn, ■ ■ ■) E S with Tn{x) = Zn- It is clear that x G S'„. 

If |^|„ > q'n^", and ||T„(a;)|| = qrT " " ||m„||, we have |^T„(x)|„ > q^"-, and we can choose 
X G Sn in such a way that (3.4) is violated. This proves that |^|„ < q^'^". 

Now it remains to prove that any element of S„ can be represented as ^ + O with ^ G Kn- 
Suppose that ^ + O G S„, ^ G i^z, / > n. Denote by K'^ the inertia subfield of the extension 
Ki/Kn- Then [K'^ : Kn] = fin, [Ki : K'J = e;„, so that [K'^ : Ki] = rrinfin, the ramification 
index e{K'^,Ki) = e„, and the inertia index f{K'^,Ki) = fnfin- Considering the extensions 
K'^ D Kn D Ki (see Section VIII-1 in Ref. 16) we find also the exponent of the different 
d{K'j^, Ki) = e{K!^, Kn)dn + d{K!^, Kn) = dn- The residue field cardinality for K'^ equals gj{'". 

Define for z & Ki 

Tni^) = |^-^Tr;,^/K;(.) = ^^ Tr^,/^, (.). 

Just as in Lemma 1, if 2; G S; 0, then 

r:(^)|| < g/-'^(^"'^^)/[^^^^^l ||[< : K,]\\ = g^/™1|m„/,„i|. 
For any u G K' \u\k' = IImII"''"-^'" whence 

K{z)\j,^<qt-^^"\mnfin\Ki^. (3.5) 

Let us consider u = T^{z) as an element of the field Ki. We have by (3.5) 



We know that qi = q^'", ^ = /;„€;„, rf^ = dnCin + din, so that 

qn — qi 

and 



/I I p I rni 

ln\K!^ — I'm-nJlnll 

Therefore 

<u; ■ — tt/r* I I I I —1 

,„,, _ qi' '"\mi\i ■ \ein\i . 

Since the extension Ki/Kn is tamely ramified, we find that |e;„|; = 1, \u\i < qi'\mi\i, so that 
u G ^ifi- This means in particular that for any z G S^^o the element f = z — T^(z) also belongs 
to Tiifi. Lifting v to an element y G S* we see that 

Tn{y) = T„ o T^(i/) = T„ o T^{v) = 0. 



Thus yeSn and \T{i{z - T^(^)))|i < 1. 
Now we have 

T{iz) - n^Ziz)) = T{iz) - T o Tl^iiTl^iz)) = T{iz) - T{T'Sz)T:^{i)) 

= T{iz) - T o r^{zT'SO) = nz{i - KiO)) 

and 

|T(^(e-T^(0))|i<l 
for any z G S^^O) which imphes the inequahty 

le-T:(Ob<l (3.6) 

(since the annihilator of S^ o in Ki = K^ is Of, see Ref. 9). 

It follows from (3.6) that ^ G K'^ + O. Let g be the Frobenius automorphism of the 
unramified extension K'^/Kn- For an arbitrary z G K'^ with ||2;|| < q-n" "WrrinfinW (the set 
similar to S; q for the field K'^) we consider the element z — g^^z and its lifting Xg G S. Then 

Tn{Xg) = Tn{T'^{xg)) = Tn{z - g^^ z) = 

due to the invariance of traces with respect to elements of the Galois group. Thus Xg G Sn and 

\T{^Z{xg))\, = \T{az-g-h))U<l. 

Since 

T(e(^ - g-'z)) = T{iz) - T{i ■ {g-^z)) = T{iz) - T{g-\gi ■ z)) = T{z{i - g^), 

we see as above that ^ — g^ E O. Let us write the canonical representation 

^ = ^n *" (o'O + O-lTTn H h (Tr-lK^'^ "^ ) 

where 7r„ is a prime element both for Kn and K'^, (Tj are representatives of residue classes from 
O'n/Pn (^n ^^^^ ^n ^"^^ respectively the ring of integers and prime ideal in K'^). Then 

i- gi = KJ [(o-o - fi-o-o) + (o-i - g(^i)T^n H h (o-,._i - gar-i)iil^^ H ] 

whence \aj — gcTjlx^ < 1 for j = 0, 1, . . . , r — L 

In fact either ctj G 0„, and then aj — gaj = 0, or \aj — gcTjlx' = 1 because the Frobenius 
automorphism of the unramified extension just permutes classes from O'^/ P'^ (see Section 1-4 
in Ref. 16). Therefore all a^ belong to 0„, which means that S, G Kn + O as desired. ■ 

4 LEVY MEASURE 

4.1. Let us calculate the Levy measure of the complement S \ Sn- 
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Theorem 1. For any n = 1, 2, . . . 

(ne„+l)(o/m„+l) _ a/m„+l 

U{S \ 5„) = (1 - g-)g--"^^^ ./^„^i '" • (4-1) 

As n ^ oo, 

n(5\5„)~gr- (4.2) 

Proof. As we saw in Section 2, n(Z \ 5) = 0. We have Sn C S C 5("), so that 

n(^ \ Sn) = n(5(") \ Sn) - n(5(") \s) = n(5(") \ 5„). 

The indicator of the set S**^"^ \ Sn is a cyhndrical function (in the sense of Section 2), and we 
can use (2.6) obtaining that 



U{S\Sn) = - J \\vrwn{v)dv, (4.3) 

l'?|n>l 



Wniv) = (ln " / X o TrK„/i^i(-w) dy. 



d„-ne„ I I ^ tin 



By standard integration formulas (see e.g. Ref. 8, 10) 

/ XoTri^„/i^i(-w)c?y = 0, \r]\n>l; 



\y\n<qt 



I 



|?;|n<<?^~""" 



' 0, if |r7|„ > q'^f^. 



an — 'ncfi 



Substituting into (4.3) we find that 



l<l'?|n<9r" ^ ^\vU=qi 



In „-ne„ \ ^ „i(a/mn+l) 



;i-?n')9r'^"E 



n 



i=i 



which results in (4.2). 

Since the sequence (1.1) is strictly increasing, we have m„ — » oo, thus either /„ -^ oo, or 
e„ ^ oo (or both). If /„ — > oo, we have g„ = g(" -^ oo. Writing (4.1) as 

n(5 \ Sn) = (1 - g„"^) ,/ '" , (^r - C""") 

11 



we come to (4.2) in both possible cases (e„ ^ oo or e„ is constant starting from some value of 
n). If /„ = / for n > riQ, and e^ -^ oo, then we get for n > no 



ino ) Q/e„ 



9l -9no 

and we again come to (4.2). ■ 

4.2. Define a sequence {^(j)}f^ setting n(l) = 1, 

n(j + 1) = inf {n > n{j) : n(5 \ S^)/U{S \ 5„(,)) > 2} , j = 1, 2, . . . , 

and set 6„ = [n(S' \ Sn{j))] logj for n{j) < n < n{j + 1). 
Evans *^^^ showed that almost surely 

limsup-^ = l (4.4) 

where 7r(n) is the first exit time of the process Xs{t) out of the subgroup Sn- Obviously we 
may substitute for 6„ any sequence -B„ with B^ ~ bn, n -^ oo. In particular, if a > log 2, we 
may take (in view of (4.2)) 

E„ = gr""logn, (4.5) 

so that 

7r(n) 
lim sup — — = 1 . 

n— >oo -L^n 

Let dim and Dim be the Hausdorff and packing dimensions on S with respect to the metric 
defined above (see Ref. 3). Then dim 5* = Dim 5* = 1. It was shown by Evans*^^^ that for each 
t > almost surely 

dimX([0,t]) = /3', DimX([0,t]) = (3", 

where 

(3' = inf 1/3 : \immi[M{n)]'^Q{n, N)U{S \ Sn) = o| , 

P" = inf j/3 : limsup[M(n)]-^Q(n,A^)n(5\5„) = ol , 

where A^ is an arbitrary natural number. Since by definition Q{n, N) < 1, the following result 
is a consequence of Theorem 1. 

Corollary 1. For each t > 

dimX([0,t]) = DimX([0,t]) = 
almost surely. 

Unfortunately the results of Ref. 3 do not yield the uniform dimension results in a similar 
way. The reason is that m^+i > 2m„ whence 

n^oo [M(n)]i+'? ^ 

if r] > is small enough. This contradicts an a priori assumption in the uniform dimension 
study of Ref. 3. 
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5 HAUSDORFF MEASURE 



5.1. Let 

T{n, N) = meas {t e [0, n{N)] : X{t) E Sn} , n> N. 

It was shown by Evans*^^-* that 

[Q{n,N)]-' = E[r{n,N)]U{S\Sn). 
Moreover (see the proof of Lemma 9 in Ref. 3), 

E[r(n,iV)] = [M(n)]-i J]A„(0, 

Cgh„ 

where 



(5.1^ 



(5.2) 



A„(0 



Sn 



(5.3) 



Here we identify a class C, + O E Sn with an element ^. Correspondingly, the summation in 
(5.2) is taken actually over the set of different classes C, + O. 

In order to get an estimate of E[r(n, A^)], we have to begin with estimating the integral 

It is clear that In{0 i^ ^ non- negative real- valued function. 

Lemma 2. Suppose that the extensions Kn/Ki^ and K^/Ki are tamely ramified. If ^ E Kn, 
\i\n = qi, Ncn + 1 < j < ncn, then 

In{0 > (1 - g/^~) lel^/'"" - n(5 \ S^). (5.4) 

Proof. Writing xii^^O)) — x{T{C,Tn{x)) we can use (2.6) and come to the expression 



iNiO 



\C\f^'-<i>{OdC 



(eKn: |C|n>l 



where 



and 



Denoting 



<^(C) = qn'" J X o TtkjkA-Cv) [1 - X o TtkjkA^v)] dy 



v„ 



<^i(C) = ?^'" j X o Trx„//^,(-Cl/) dy 
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we find that 

in{o= I \crJ"'"[Mc-o-'^iiO]dc. 

IC|n>l 

Since Vn,N is a compact open subgroup in S„_o, we have (see e.g. (31.7) in Ref. 6) 



<^i(C) 



0, if C ^ KV, 

Cn,N, if C e V^^, 



where V^^j^ is the annihilator of Vn,N in the dual group S* q, and as before, 

Vr!-,N ={C = C + C : C G ^TV, K lev < q^'^; C" e K^, \C\ < l} 

Cn,N = Qn'^" / dy. 



(5.5) 



Now 



In{0 = Cn, 



N 



{|Cln>i}n(?+y„^^) {ICIn>i}nv;-^^ 



{|Cln>i}ny„-L^ 



since by our assumption |,^|„ > g^^"^^ > 1 while for an element (' appearing in (5.5) we have 



— qn — Hn ■ 



Kin = Kir < <lN 



Denote 



jm 



I K + Cln/™"rfC, J2= I 



I icrJ-'-dc. 

{|Cln>i}ny„-^^ {|CU>i}nvJ:^ 

Writing an element (' G Kj^, 1 < l^'l^y < Qn^^ j as 



we see that the domain of integration is the union of non-intersecting "closed" unit balls 

Bn (o-Q, . . . , o-NcN-i) C Kn Centered at the points tt^^^^ (o-q + o-iTTat H h ctncn-i^n^''^^^) 

where at least one of the elements (Tj is different from 0. The total quantity of such balls equals 

i^N - 1) (gj^^--^ + gj^^--^ + ■ ■ ■ + 1) = gi^- - i, 

so that 

^i(0 = KI^/'"MC"-l)- (5.6) 
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Similarly, since the equality \('\n = Qn implies \('\n = Qn"''^ , we get 

Afejv(l+a/mjv) _ -, 

J2 = i,N-l)qT'' '\,.^^^ ^ ' • (5.7) 

(In -1 

Next we shall find a lower bound for Cn,N- It follows from Lemma 1 that any element 
y G Vn,N can be written as y = y' + y" where 

\y In s g„ , ii K„/KN{y j - u, \y |„ s g„ 

We shall find a finite set F of elements y', such that \y[ — 1/2U > q<^n-Ne„ ^^^ ^^-^ (^[ffQ^ent 
y[,y2 G F. Then Ki^at will contain non-intersecting balls centered dX y' E F with the radii 
q^n-Ne„^ SO that 

Cn,^>(cardF)g-^'^". (5.8) 

Let X G Kn, g^""^*^" < \x\n < Qn"- Siuce the extension Kn/K]^ is tamely ramified, we 
can choose in K'^^ (the inertia subfield of Kn) and Kn such prime elements tt^ and 7r„ that 
TTn"''^ = TT^. If |x|„ = g™, wc cau write the canonical representation x = 7r~'"(xo + xiiin + ■■■), 
Xj G O'j^ (a complete set of representatives of residue classes from O'j^/P^). Below we assume 
that Oat C O^. 

It is known (Ref. 16, Chapter 8) that for the element Ttk^/k' {x) G K'^ the inequality 

\^T^K„/K'^{X)\^^< \x\n 

holds. Thus either iTri^ /&-/ (x)\ < \x\n, or iTri^ /&-/ (a;) I = g™, and in the latter case 

\Ttk^/k'^{x)\ =g^, z/GZ, 

SO that m = i'en,N, which implies further that x = vr~™a:o + z = (7r^)~'^Xo + z, \z\n < 9™~^- 
Thus in this case 

Ttk,,/k'^{x) = {n'^yxo + Ttk„/k'^{z), (5.9) 

so that 

|x-Tr;,„/;,^(x)|^<gr'- (5.10) 

Let us consider the element 

y' = x-g[TTK„/K'^{x)] (5.11) 

where g is the Frobenius automorphism of the extension K'^/ Kj^. We have 

Tr/^n/i^iv(l/') = Tr/^^//^^ {Tr;^„/;^/^(a;) - g [Yik^/k'^{x)\ } = 0. 

As we saw, \y'\n = g™, except in the case, in which m = uCn^N- Now we consider that exceptional 
case. 
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Since 

y' = [x- i:iK^jK'^{x)] + {i:iK^/K'^{x) - Q [Ttk„/k'^{x)] } , 

and the first summand satisfies (5.10), we have only to study the second summand which, due 
to (5.9), is equal, up to a "small" term, to (tt^) '^xq — g [{ti'n) '^ ^o]- By the definition of the 
Frobenius automorphism. 



.TT 



NJ 



xo- 9 



[IT 



NJ 



Xo 



K' 



Hn) 



or, equivalently. 



unless (ttjy) Xq E K 



[t^n) xo-9 



[t^'n) " x^ 



Q 



N- 



Thus we have found that \y'\n = Qn except for the case, in which m = uCn^N, i^ E Z,, and 



(tt^) " xq E Kjsf. Since the extension K'^/K^ is unramified, we may write 

(tt^)"*" xq = n^" (xo + XiTTn H ] 

so that, due to (5.9), for x we obtain the representation 



Xj G O',^ 



Ni 



X = -Kj/xq + 7r„ ™+^ {xi + X27r„ + 



Xj G O^, 



with \y'\ 



X, 



(1) 



4'^ ^ On- 



g^ if Xo ^ On- A difference y'^-^^ — y'^"^^ of two elements of the form (5.11) 

g^ if the corresponding Xg , Xq G O^ are such that 



satisfies the equality \y'^-^^ — y'*-^-'|„ 



Let us construct a subset 0% C O^ with the property that if a, 6 G O^, a ^ b, then 
a — b ^ On- Denote for brevity x = On/Pn, x' = O'j^/P^. Then x C >/, cardx = gTv, 
card x' = g„. Consider the quotient group x'/x of the additive groups of the finite fields V, x. 
We have 

J" -1 

card(x7x) = q^/qN = qN^" ■ 

Let us choose in x' a complete set of representatives of residue classes from x'/x, and then 
for each of them (as a class from O'j^/Pjs;) take a representative from O^. Let O'^ be the 
resulting set. If a, 6 G O^, and a — b E On, then the classes of a and b in x' would belong to 
X whence a = 6 as desired. Note that card O^ = qj^'^ . 

Now we take as F the set of all elements (5.11) with 



X 



vr„ 



E 



^i< + 



0<j<Afe„-l 
e„,N'ld„-j 



E 

I/: dn-Nen+l<uen^jf<d„ 



'^N Xu 



(5.12) 



where Xj G On-, x„ E O'^. Note that \'^n^\ = qn^"''^ , so that the orders of all non-zero terms 
in (5.12) are different. 

It follows from our assumptions that the extension Kn/Ki is tamely ramified (see Ref. 4), 
that is dn = Cn — 1. Hence the second sum in (5.12) is taken over those u for which 

e„(l - iV) ^ ^, ^ e„ 1_ 



^n,N 



^n,N ^n,N 
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that is 

(1 - N)eN <i^ <eN -I. 

The quantity of such numbers z/ is cat — 1 — [(1 — A^)eAr — 1] = Ncn- Correspondingly, the 
quantity of terms in the first sum of (5.12) is A^e„ — Ncn- Thus 

CardF = g^^"-^-- . q(U^N-l)Ne^ ^ ^Ne„ . ^-Ne^^ 

and by (5.8) 

c„,jv > g;^"^'". (5.13) 

Comparing (5.6), (5.7), and (5.13) with (4.1) we come to (5.4). ■ 
Now we can prove (1.2). 

Theorem 2. If all the extensions (1.1) are tamely ramified, then (1.2) holds. 

Proof. From (5.1), (5.2), (5.3), (4.2), and (3.3) we find that 

[Q{n, N)r^ < C^gr"""" E ["(^ \ Sn) + /^(O]'' , C^ >0. (5.14) 

As before, we identify a class ^ + O, ^ E Kn, \^\n = qi, j > 1, with the element 

e = V (Co + ^iT^n + ■■■ + 0-l<"') > e On, Co 7^ 0. 

The number of such elements is {qn — l)g^^^. 

Let us split the sum in (5.14) into two sums, over C, with |^|„ < g^^", and with g^^""*"^ < 
l^ln < qT"- The first sum is estimated by dropping /„(^); an upper bound for the second sum 
is given by Lemma 2. We find that 



[Q{n,N)]-'<CMqr-''"'-{mS\SM)]-'iqn-l)J2^n-' 



i=i 



+ {q^ - I) {I - q-^^-) J2 gr'-^"/"" 

j=Ne„+l 



<CWi 



I „an—nm„ 



(ne„+l)(l 2_) (Afe„+l){l ^) 

yi "I 1 a 

n ™" — 1 



(with positive constants C'^, C'^, C^'; we used the fact that m„ -^ oo), which implies (1.2). ■ 

5.2. In accordance with the general definition given in Ref. 3, a Hausdorff outer mea- 
sure with respect to a non- decreasing function ip : {M(n)~^}J^Q U {0} -^ [0,oo), such that 
hm ip {M{n)~^) = ip{0) = 0, is defined as 



cp — m{A) = liminf < \ (/9(diami?j) > 

„-.oo ]^^ J 



17 



where the infimum is taken over all countable collections of balls {Ri} such that a set A C 5* is 
contained in IJ-Ri, and supdiami?^ < [M{n)]^^. Here balls and diameters on S are understood 

i i 

in the sense of the metric A. 

In view of Theorem 2, the results by Evans*^^^ yield the following construction of the Haus- 
dorff measure for our situation. 

Corollary 2. In the notation of Section 4 define the function ip by ip{M{n)~^) = bn and 
ip{0) = 0. // all the extensions (1-1) are tamely ramified, then almost surely 

< v?-m(X5([0,t])) < oo 

for allt > 0. If a > log^^ 2, then the sequence {bn} can be replaced by the sequence {Bn} defined 
by (4.5). 
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